In this study, we construct the coherent states for a particle in the Smorodinsky-Winternitz potentials, which are the generalizations of the two-dimensional harmonic oscillator problem. In the first case, we find the non-spreading wave packets by transforming the system into four oscillators in Cartesian, and also polar, coordinates. In the second case, the coherent states are constructed in Cartesian coordinates by transforming the system into three non-isotropic harmonic oscillators. All of these states evolve in physical-time.
Introduction
The coherent states were derived for the one-dimensional linear harmonic oscillator by Schrödinger [1] . There, the construction of the localized non-spreading wave packets were also pointed out for the electrons in a Coulomb potential. The coherent states are the eigenstates of the lowering operator of the harmonic oscillator with complex eigenvalues. These eigenvalues are time dependent and, therefore, the expectation values for the position and momentum satisfy the classical equations of motion. The coherent states are the non-dispersing solutions of the linear Schrödinger equation. They have minimum uncertainties and are the most classical quantum states. For these states, the probabilities are time dependent, hence, they are more useful than the stationary states in dis-cussing the time dependent processes and the classical limit of the quantum systems. Since these states are linear combinations of the stationary energy eigenstates of the system, the coherent state functions are the generator functions of the energy eigenfunctions of the system in different coordinate systems. The coherent states were used in the quantum theory of electrodynamics in 1963 and recognized as the Glauber states [2, 3] . In 1988, a radially localized electron wave packet was observed by Ten Wolde et al. [4] . In usual formulation, the Feynman path integrals give the transition amplitudes between the initial and final configuration space eigenstates of the particle. In 1998, we derived the transition amplitudes between the initial and final eigenstates of the lowering operator of a linear harmonic oscillator, and defined the coherent states in terms of these amplitudes by using a complementary formulation of the Feynman path integrals [5] . In classical mechanics, the equations of motion have explicit solutions in terms of the physical-time only for a particle in constant, lin-ear, or a quadratic potential. There are two cases of the physical problems: In the first case, this can be transformed to a problem which correspond to a particle in constant, linear or quadratic potentials after a canonical transformation and the equations of motion are integrated in terms of the physical-time. In the second case, the physical problem cannot be transformed into those of the first case by a canonical transformation in a coordinate frame, and the equations of motion can be integrated in a parametric-time. Therefore, the time evolution of the classical Kepler problem is given in terms of a parametrictime or in terms of the eccentric anomaly [6] . Recently, the parametric-time coherent states for the Kepler problem have been constructed by using the KS mapping and considering the transition amplitudes of four harmonic oscillators between the initial and final eigenstates of the lowering operators [7, 8] . In this paper, we have shown that the expectation values for the coordinates of the electron satisfy the Kepler laws and oscillate as a function of a parametric-time. The uncertainties are not constant, but they also oscillate as a function of a parametric-time. We have also constructed the positive-energy coherent states by analytic continuation and shown that the uncertainties for the position and momentum of the particle are dispersing. This technique has been applied to derive the coherent states for a particle in the Morse potential and in the 5-dimensional Coulomb potential [9, 10] . During the same period, the coherent states given in Ref. [11] have been improved by using the conserved-charge coherent states [13] [14] [15] , which evolve in a parametric-time [12] , and these are the same as with the coherent states given in Ref. [7, 8] . These states were of interest for four harmonic oscillators in the construction of the coherent states for the Kepler problem in Refs. [9, 10, 12] . The parametric-time coherent states are found for a particle in the non-central Hartmann potential or in a generalized MIC-Kepler potential [16, 17] . The following four potentials are the 2-dimensional examples of the Smorodinsky -Winternitz (SW) potentials, introduced three decades ago by Smorodinsky and coworkers [18] , continued by Kibler and Winternitz [19, 20] , revived in recent years by Evans [21] [22] [23] , and appear in the general classification of potentials in two and three dimensions having dynamical symmetries:
(1)
Here, V 1 and V 2 represent the 2-dimensional generalization of the radial isotropic harmonic oscillator potential and 2-dimensional anisotropic quantum harmonic oscillators (AQHO) with the frequencies of ω and 2ω, respectively [24] . The underlying symmetry of "pancake" nuclei, i.e. very oblate nuclei [25] , is characterized by using the single particle spectrum of the AQHO [26] . The 3-dimensional AQHO [27, 28] is of interest for the characterization of the basic structure of super-deformed and hyper-deformed nuclei [29, 30] , for the underlying geometrical structure in the Bloch-Brink α-cluster model [31] and for the interpretation of the observed shell structure in atomic clusters, especially, after the realization that large deformations can occur in such systems [32] . V 3 V 4 are the generalizations of the 2-dimensional Kepler problem. These potentials can be used in quantum chemistry and nuclear physics for describing ring-shaped molecules and deformed nuclei and manifest non-trivial hidden symmetry leading to degeneration of the energy spectrum.
In these potentials, the dynamical variables of the classical particle satisfy o(2 1) quadratic algebra. For all of these potentials there are two operators X , and Y , which commute with the Hamiltonian, H but they do not commute with each other. Therefore, a complete set of the commuting operators has two elements, for example {H X } The condition for the integrability of the quantum system is the equality of the degree of freedom and the number of the elements of the complete cummuting set. For these potentials they are equal. Since, there is another constant of motion, Y , these systems are "maximally integrable" and they were discussed with the algebraic approach [33] .
On the basis of the super-integrability in classical and quantum mechanics, Grosche et al. recently presented a detailed path integral discussion of the SW superintegrable potentials in many coordinate systems [34] . It should be pointed out that almost all the SW potentials have centrifugal or angular barriers and possess point singularities. As it was pointed out by Kleinert, the time sliced path integral for these potentials does not exist in any coordinate system. For this reason, it is necessary to regularize the system in question by an appropriate set of new coordinates in order to find a path integral expression without collapsing [35] . The regularizations were discussed from the algebraic point of view by Kalnins et al. [36] . In a recent study, we have constructed the parametric-time coherent states for the potentials V 3 and V 4 [37] . The potential V 1 is similar to the radial potentials of two isotropic harmonic oscillators with dynamical centrifugal barrier terms. Therefore, the classical and the quantum states can be integrated in physical-time by adding a dummy angular coordinate for each degree of freedom and by representing the dynamical centrifugal barrier terms in the potential as the geometric or angular barriers [34, 38] . Thus, the conjugate momenta of the dummy angular coordinates are related to the coupling constants 1 and 2 The dimension of the particle's configuration space becomes = 4 and the algebra of these extended system is (2) × (2). Since these dummy coordinates are introduced as the free particle coordinates, the addition of them do not change the dynamics of the original system. However, in general cases 1 and 2 are not integers. Therefore, in order to compactify the space = 4 into the original space = 2 we remove the periodicity condition on the dummy angles. Then, the eigenvalues of the conjugate momenta are not integers. In V 2 there are two harmonic oscillator potentials with frequencies of ω 1 and 2ω 1 One of these oscillators has an additional constant force term and the second one has a dynamical centrifugal barrier. The constant force term can be eliminated by making a translation in the configuration space of the system. Therefore, the classical and quantum system can be integrated in physical-time by making a translation in the position of the first oscillator and adding a dummy angle for the second oscillator. The dimension of the configuration space of the particle becomes = 3 and the algebra of this extended system is (2) × (1). The aim of this study is to construct the (physical) time coherent states for a particle in the first and second case of the SW potentials given in Eq. (1), via the path integral formalism proposed in Ref. [5] . Other pertaining results have already been given in Ref. [37] . The paper is organized as follows: In Sec. II, we discuss the construction of the coherent states for a particle in the first potential, V 1 : In Sec. II A, in order to represent the radial oscillators in this case, we introduce two dummy cyclic coordinates and conjugate momenta by using the Lagrange multiplier technique. In Sec. II B, we discuss the kernel of the four oscillators. In Sec. II C, we find the coherent states and their relations with the energy eigenstates for a particle in V 1 In Sec. II D, we find the coherent states in the two dimensional Cartesian and polar coordinates. In Sec. III, we discuss the construction of the coherent states for a particle in the second potential, V 2 : In Sec. III A, we discuss the representation of the system in terms of the three non-isotropic oscillators with the frequencies of ω and 2ω In Sec. III B, we discuss the kernel of the three oscillators. In Sec. III C, we find the coherent states and their relations with the energy eigenstates for a particle in V 2 In Sec. III D, we find the coherent states in the three dimensional Cartesian coordinates. Sec. IV is the conclusion, where we discuss an additional extension of the second potential, V 2 with = 4 and the algebra (2) × (2) in a parametric-time. In quantum mechanics, the momentum of the particle in full line and the radial momentum in half line are distinguished as
SW super-integrable potentials
It is also expressed in the normalization integral as In order to represent these potentials as the kinetic energy contribution of the azimuthal momenta of the particle, we introduce two dummy angles φ 1 and φ 2 by the Lagrange multipliers without changing the dynamics of the particle. Thus, the Lagrangian, L becomes
where the Hamiltonian, H is H = 
The kernel of four oscillators
The kernel of four oscillators between the initial and final eigenstates of the lowering operators is given in Ref. [6] as
We notice that, in Eq. (7), the factor corresponds the classical evolution of the holomorphic coordinate ( ) In Eq. (7), the time evolution gives the energy eigenstates of four oscillators as
Here, 1 + 2 + 3 + 4 is zero or an integer. The quantum numbers are introduced in polar coordinates as
Thus, the energy spectrum becomes
This is the correct energy spectrum for four harmonic oscillators using polar coordinates.
Coherent states
In order to construct the coherent states for a particle in V 1 , we introduce the eigenstates of the lowering operators in polar coordinates, ± and ± as
Second, we integrate over the non-periodic dummy angles φ 1 and φ 2 and write the kernel in Eq. (7) as
where
We notice that K is the matrix elements of the time evolution operator, U between initial and final eigenstates of the operators , κ ± λ ± and ± ± . If we expand K in terms of four oscillator energy eigenstates, ( ) then for the four oscillators, the final coherent state, | ± ± and the time evolution of the initial coherent state, U ( − ) |κ ± λ ± are given as
and Therefore, the eigenvalues corresponding to the radial parts of four oscillators are time dependent and the eigenvalues corresponding to the angular parts are time independent. To derive the kernel or the matrix elements for the physical particle, which corresponds to two radial oscillators, we consider the elimination of the dummy coordinates, φ 1 Then, the kernel becomes
Thus, we derive the physical coherent states by evaluating | ± ± at the poles of the 1 2 = ± 1 2 :
These are the generalized conserved charge coherent states and they are parametrized by two time dependent quantum numbers,
In Eq. (14), the time independent phase factor + / −
can be omitted.
Coherent states in configuration space
We introduce a new kernel between the configuration space eigenstates, | 1 φ 
Coherent states in Cartesian coordinates
In order to derive coherent states in Cartesian coordinates, we find the kernel by integrating over all the values of φ 1 and φ 2 and expanding the Bessel functions in terms of the associate Laguerre polynomials [39] :
where R and Ψ ( ) are
and the phases, ∆ 1 2 are
In Eq. (16) 
Thus, Ψ κ λ ( 1 2 ) is the coherent state for the particle in the Hamiltonian given by Eq. (2) in terms of the normalized energy eigenstates in Cartesian coordinates.
Coherent states in polar coordinates
In order to find the coherent state wave functions in polar coordinates, we first write the product of two Bessel functions in terms of single Bessel function. The coefficients of this expansion are the angular wave functions of a particle on S 3 1 2 (cos θ), where θ is the polar angle in ( 1 2 ) plane Second, if we express the modified Bessel function in this expansion in terms of Laguerre polynomials, then, we obtain
where Φ ( θ) and Ψ * 2
are the normalized energy eigenfunctions in polar and holomorphic coordinates respectively. They are given in terms of the Jacobi polynomials as (20) and Ψ * 2
where the normalization constant, N is
The normalized energy eigenstates are given as follows for the two dimensional original SW system:
3. SW super-integrable potentials: Case 2
Classical system
The second potential is H = 
where ω α and β are real constants. First, we make the following translations:
Then, the Lagrangian, L becomes
where the constant,
Then, we assume as the radial coordinate and introduce a dummy coordinate, φ, and its conjugate angular momentum, φ with the value 
Kernel of three oscillators
The kernel of three oscillators is given as
where = ( 1 2 3 ) and † = * T . We expand the kernel into the power series of ( * ) Then, the energy eigenvalues are given as
The quantum numbers in polar coordinates, ( φ) are
By eliminating the dummy coordinate, φ we find the correct energy spectrum of the two oscillators as
Coherent states
We denote the final eigenstates by and initial eigenstates by λ for − → ( = 1 2 3) and write the kernel as
where the time evolution of the initial states are given as
For three oscillators, the energy eigenstates are
The kernel, K is the matrix elements of the parametric-time evolution operator, U, between the initial and final eigenstates of the operators − → , λ and . We expand K in terms of the oscillator energy eigenstates, |
Here, U ( ) |λ 1 λ 2 λ 3 are the time evolutions of the initial coherent states for three oscillators. These are given by
In order to find the coherent states for the physical system we first introduce the eigenstates of the lowering operators in polar coordinates, ± as
Second, we introduce the conserved charge coherent states for * − − − * + + They are given as
where V 
Kernel and coherent states in configuration space
In this section, we first write the kernel between the configuration space eigenstates and the coherent states in terms of the matrix elements, r | 1 2 3 . Secondly, we evaluate the matrix elements by using the representation of 1 2 3 in terms of r and , p. Thirdly, we integrate over * and for = 1 2 3 This kernel then becomes
where we omit the time dependence of the eigenvalues, then λ and λ ± and N 2 (λ) become
In Eq. (34) the contributions of the first oscillator at the position and the second and third oscillators at r are separated. Therefore, to derive coherent states in the polar coordinates, ( φ) we separate Eq. (34) as follows
where the kernels K ( 1 ; λ 1 ) K ( φ; λ ± ), and the complex phase, ∆ are
Next, we expand the kernel, K ( φ; λ ± ), in terms of Bessel functions. Secondly, we introduce the conserved charge kernel by integrating over φ from in the interval (−∞ +∞).
Thirdly, we expand the Bessel functions in terms of associate Laguerre polynomials. Thus, the kernel becomes
If we expand Eq. (35) into the power series of λ 1 we can write it as
where 
In Eq. (42), ψ 1 ( 1 )ψ ( ) and Ψ 1 (λ 1 ) Ψ (λ ∆) are the energy eigenstates in the holomorphic and polar coordinates respectively.
Conclusion
In this study, we have constructed the coherent states for two of the SW potentials which are the generalizations of the two dimensional harmonic oscillators. These coherent states are evolving in the physical time. In the first case, which is two harmonic oscillators with the dynamical 1/ 2 barriers, we have represented the system as four isotropic harmonic oscillators by adding two dummy angles. Then, we have constructed the coherent states for these oscillators in two coordinate systems. The four dimensional polar (radial) coordinates corresponds to the Cartesian (polar) coordinates of the two dimensional system. In the Cartesian coordinates, the energy eigenstates are given as the product of the associate Laguerre functions. In the polar coordinates, the energy eigenstates are the product of one associate Laguerre function with the Jacobi polynomials.
In the second case, we have constructed the coherent states by transforming the system into one oscillator with the frequency of 2ω and the two dimensional isotropic harmonic oscillators with frequency of ω The coherent states are constructed for the first oscillator in terms of the superposition of the Hermite polynomials and for the second oscillator in terms of the associate Laguerre polynomials. However, the quantum equations are separable in another coordinate system and in terms of a new parametric-time.
In order to discuss the second set of the separable coordinates, we use the following coordinate transformation: We introduce a parametric time, by = ( + ) ( ) 3/2 Then,
where H and H are radial harmonic oscillator Hamiltonians of the particle with mass, M and the frequency 2ω : − 2MC
